K\"ahler manifolds with homothetic foliations by curves by Jelonek, Wlodzimierz
ar
X
iv
:1
20
6.
39
23
v1
  [
ma
th.
DG
]  
18
 Ju
n 2
01
2
KA¨HLER MANIFOLDS WITH
HOMOTHETIC FOLIATION BY CURVES.
W lodzimierz Jelonek
Abstract. The aim of this paper is to classify compact, simply connected Ka¨hler
manifolds which admit totally geodesic, holomorphic complex homothetic foliations
by curves.
0. Introduction. The aim of the present paper is to classify compact, simply
connected Ka¨hler manifolds (M, g, J), dimM = 2n > 2, admitting a global, com-
plex homothetic foliation F by curves which is totally geodesic and holomorphic.
A foliation F on a Riemannian manifold (M, g) is called conformal if
LV g = α(V )g
holds on TF⊥ where α is a one form vanishing on TF⊥. A foliation F is called
homothetic if is conformal and dα = 0 (see [V], [Ch-N]). Complex homothetic
foliations by curves on Ka¨hler manifolds were recently classified locally in [Ch-N].
Let D be a distribution determined by a foliation F . By E we shall denote the
(dimM − 2)-dimensional distribution which is the orthogonal complement of D
in TM . If X is a local unit section of D then {X, JX} is a local orthonormal
basis of D and the function κ = √(divEX)2 + (divEJX)2 does not depend on
the choice of X . It turns out that κ = (n − 1)|α|. We classify compact, simply
connected Ka¨hler manifolds admitting a global, complex homothetic foliation F
satisfying the conditions U 6= ∅ where U = {x ∈ M : |α| 6= 0}, i.e. if α does
not vanish identically. First we show that (M, g, J) admits a global holomorphic
Killing vector field with a Killing potential, which is a special Ka¨hler potential.
Next we use slightly generalized results of Derdzinski and Maschler [D-M-1], [D-M-
2]. Our results rely heavily on the papers [D-M-1], [D-M-2]. As a corollary we prove
that every compact, simply connected Ka¨hler manifold admitting a holomorphic,
totally geodesic homothetic foliation with αx0 6= 0 at least at one point x0 ∈M is a
holomorphic CP1-bundle over Hodge manifold,M = P(L) where L is a holomorphic
line bundle with curvature Ω = sΩN , where s 6= 0 and ΩN is the Ka¨hler form of
(N, h, J). The leaves of the foliation are the fibers CP1 of the bundle. If α = 0 then
M is a product of a Riemannian surface and a Ka¨hler manifold. The result was
partially proved in [J] and for the completeness we cite some of the calculations
and proofs from [J] in our present paper.
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1. Principal field. Let (M, g, J) be a 2n-dimensional Ka¨hler manifold with
a 2-dimensional J-invariant distribution D. Let X(M) denote the algebra of all
differentiable vector fields on M and Γ(D) denote the set of local sections of the
distribution D. If X ∈ X(M) then by X♭ we shall denote the 1-form φ ∈ X∗(M)
dual to X with respect to g, i.e. φ(Y ) = X♭(Y ) = g(X,Y ). By Ω we shall denote
the Ka¨hler form of (M, g, J) i.e. Ω(X,Y ) = g(JX, Y ). Let us denote by E the
distribution D⊥, which is a 2(n− 1)-dimensional, J-invariant distribution. By h,m
respectively we shall denote the tensors h = g ◦ (pD × pD),m = g ◦ (pE × pE),
where pD, pE are the orthogonal projections on D, E respectively. It follows that
g = h +m. By ω we shall denote the Ka¨hler form of D i.e. ω(X,Y ) = h(JX, Y )
and by Ωm the Ka¨hler form of E i.e. Ωm(X,Y ) = m(JX, Y ). For any local section
X ∈ Γ(D) we define divEX = trm∇X♭ = mij∇eiX♭(ej) where {e1, e2, ..., e2(n−1)}
is any basis of E and [mij ] is a matrix inverse to [mij ], where mij = m(ei, ej).
Note that if f ∈ C∞(M) then divE(fX) = fdivEX in the case X ∈ Γ(D). Let
ξ ∈ Γ(D) be a unit local section of D. Then {ξ, Jξ} is an orthonormal basis of D.
Let η(X) = g(ξ,X) and Jη = −η ◦ J which means that Jη(X) = g(Jξ,X). Let us
denote by κ the function
(1.1) κ =
√
(divEξ)2 + (divEJξ)2.
The function κ does not depend on the choice of a section ξ. In fact, if ξ′ = aξ+bJξ,
where a, b ∈ C∞(domξ) and a2 + b2 = 1 is another unit section of D, then Jξ′ =
−bξ + aJξ and
(divEξ
′)2 + (divEJξ
′)2 = (adivEξ + bdivEJξ)
2 + (−bdivEξ + adivEJξ)2(1.2)
= (divEξ)
2 + (divEJξ)
2.
Hence κ is a well defined, continuous function on M , which is smooth in the open
set U = {x : κ(x) 6= 0}. We shall now show that on U there is a smooth, global unit
section ξ ∈ Γ(U,D) defined uniquely up to a sign such that divEJξ = 0. Namely,
if ξ′ is a local unit section of Γ(U,D) then then the section ξ = 1
κ
((divEξ
′)ξ′ +
(divEJξ)Jξ
′) satisfies divEJξ =
1
κ
((divEξ
′)(divEJξ
′) − (divEJξ′)(divEξ′)) = 0 and
does not depend on the choice of ξ′. On the other hand it is clear that the only other
such smooth section is −ξ. The section ξ constructed above and defined on U ⊂M
we shall call the principal section of D (see also [G-M]). Note that divEξ = κ.
2. Complex homothetic foliations. We start with (see [V], [Ch-N]):
Definition. A foliation F on a Riemannian manifold (M, g) is called conformal
if
LV g = α(V )g
holds on TF⊥ where α is a one form vanishing on TF⊥. A foliation F is called
homothetic if is conformal and dα = 0.
In the rest of the paper we assume that dimF = 2 and F is complex, which means
that for an associated distributionD we have JD = D. Let us write α(X) = g(ζ,X).
Then divEJζ = 0, divEζ = (n − 1)|α|2, which means that in U the field ξ = 1|α|Jζ
is the principal field. Let η = ξ♭. Note that κ = (n − 1)|α|. If we assume that
F is totally geodesic then dE |α| = 0 i.e. d|α|(X) = 0 if X ∈ E . In fact ([Ch-N])
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since dα = 0 Xg(ζ, ζ) = 2g(∇Xζ, ζ) = 2g(∇ζζ,X) = 0. A distribution D is called
holomorphic if LXJTM ⊂ D for any X ∈ Γ(D). Hence if D is holomorphic then
for any X ∈ Γ(D), Y ∈ X(M), Z ∈ Γ(E) we have g(LXJY, Z) = 0. Let A = ∇X .
Note that LXJ(Y ) = A ◦ JY − J ◦AY = [A, J ]Y . Consequently
(2.1) g(AJY,Z) = g(JAY,Z)
for Y ∈ X(M), Z ∈ Γ(E). Let us write ∇JξJξ = p∗ξ for a certain function p∗ ∈
C∞(U).
Proposition 2.1. Let a foliation F on a Ka¨hler manifold (M, g, J) be totally
geodesic, holomorphic complex homothetic foliation by curves. Then in U
dη = 0,∇ξξ = 0, d ln |α| = −(|α|+ p∗)η, dp∗ ∧ η = 0,
∇Xη(Y ) = 1
2
|α|m(X,Y )− p∗Jη(X)Jη(Y )
Proof. The distribution ∆ = {X ∈ TU : η(X) = 0} defined in U is integrable.
From (2.1) it follows that ∇η(JX, JY ) = ∇η(X,Y ) for X,Y ∈ Γ(E). If we take
X = ξ, A = ∇ξ in (2.1) then we obtain
g(AX, Y ) + g(X,AY ) = α(ξ)g(X,Y )
for any X,Y ∈ Γ(E). On the other hand since dα = 0 we get g(AX, Y ) = g(X,AY )
on E . Hence
(2.2) g(AX, Y ) =
1
2
|α|g(X,Y )
Consequently, since D is totally geodesic, we obtain
(2.3) ∇Xη(Y ) = |α|
2
m(X,Y ) + pη(X)Jη(Y )− p∗Jη(X)Jη(Y ),
where ∇ξξ = pJξ. It is also clear that
(2.4) dη = p η ∧ Jη
and
(2.5) dJη = |α|Ω− (p∗ + |α|)η ∧ Jη.
Thus the distribution E|U is the so called B0 -distribution defined in [G-M]. If dim
M = 2n ≥ 4 we also have p = g(∇ξξ, Jξ) = 0 and consequently ∇ξξ = 0, dη = 0.
In fact from (2.4) we get
dp ∧ η ∧ Jη + |α|pη ∧Ω = 0,
and consequently p = 0 in U = {x ∈M : |α| 6= 0}. From (2.5) we obtain
(2.6) (d|α|+ |α|(|α| + p∗)η) ∧ Ω = d(p∗ + |α|) ∧ η ∧ Jη.
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Since d|α| ∈ ∧1D we get (d|α|+ |α|(|α|+ p∗)η) ∈ ∧1D. Thus it follows from (2.6)
that d|α|+ |α|(|α| + p∗)η = 0. Hence
(2.7) d ln |α| = −(|α|+ p∗)η, dp∗ ∧ η = 0.
Thus
(2.8) ∇Xη(Y ) = 1
2
|α|m(X,Y )− p∗Jη(X)Jη(Y ).♦
3. Examples and Killing vector fields with special Ka¨hler potential
First we give a definition
Definition. A nonconstant function τ ∈ C∞(M), where (M, g, J) is a Ka¨hler
manifold, is called a special Ka¨hler potential if the field X = J(∇τ) is a Killing
vector field and, at every point with dτ 6= 0 all nonzero tangent vectors orthogonal
to the fields X, JX are eigenvectors of ∇dτ .
Let τ be a special Ka¨hler potential on a Ka¨hler manifold (M, g, J),
V = span{∇τ, J∇τ}
on U = {x ∈M : dτ(x) 6= 0} and let F be a foliation on U given by the integrable
distribution V . Then F is a totally geodesic, holomorphic complex conformal foli-
ation. We have α = 2M
Q
dτ, ζ = 2M
Q
∇τ , where by M we denote the eigenvalue of
the Hessian Hτ corresponding to the distribution H = V⊥ and Q = g(∇τ,∇τ).
Proposition 3.1. Let X = J(∇τ) be a holomorphic Killing field on a Ka¨hler
manifold (M, g, J). Then X is an eigenfield of the tensor Hτ if and only if
(3.1) dQ = 2Λdτ
for a certain function Λ, which is then an eigenfunction of Hτ .
Proof. Since X is a holomorphic Killing field then
ddcτ(Y, Z) = 2Hτ (JY, Z),
since ddc = 2i∂∂. Note that LXd
cτ = −LX(dτ ◦ J) = LX(dτ) ◦ J = d(LXτ) ◦ J =
0. Hence Xyddcτ = −d(Xydcτ) = −d(g(∇τ,∇τ) = −dQ. On the other hand
ddcτ(Y, Z) = 2Hτ(JY, Z), hence −dQ = 2Hτ (JX, .) = −2Hτ (∇τ, .). The field ∇τ
is an eigenfield of Hτ if and only if Hτ (∇τ, .) = Λg(∇τ, .) = Λdτ . It follows that
∇τ is an eigenfield of Hτ if dQ = 2Λdτ and then Hτ|V = ΛidV .♦
Proposition 3.2. F is a totally geodesic, holomorphic complex homothetic
foliation by curves if and only if the field X = J(∇τ) is an eigenvector of the Ricci
tensor ρ of (M, g, J).
Proof. We have to show that dα = 0 where α = 2M
Q
dτ . Since dQ = 2Λdτ it
is equivalent to dM ∧ dτ = 0. On the other hand d∆τ = 2ρ(∇τ, .) since ∇τ is
holomorphic and ∆τ = −g(g,∇dτ) = −(2Λ + 2(n − 1)M). Hence dM ∧ dτ = 0
if and only if ρ(∇τ, .) ∧ dτ = 0 which means that ∇τ is an eigenfield of the Ricci
tensor ρ.♦
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Remark. It follows that compact Ka¨hler manifolds admitting special Ka¨hler-
Ricci potential described in [D-M-1], which are holomorphic CP1 bundles over
Ka¨hler Einstein manifolds, give examples of totally geodesic, holomorphic com-
plex homothetic foliation by curves. The leaves of the foliation are the fibers CP1
of the bundle.
If a Killing field X has a special Ka¨hler potential then the distribution V =
span{X, JX} is totally geodesic. In fact ∇XX = ΛJX = −∇JXJX i ∇XJX =
J∇XX = −ΛX . Now we prove that if dimM ≥ 6 then a Killing field X with a
special Ka¨hler potential X is in U an eigenvector of the Ricci tensor S of (M, g, J).
This fact does not hold if dimM = 4 as Derdzinski shows in [D].
Theorem 3.3. Let X = J(∇τ) be a holomorphic Killing field with a special
Ka¨hler potential on a Ka¨hler manifold (M, g, J) and dim M ≥ 6. Then
(a) SX = λX in U , where λ ∈ C∞(U) and d(∆τ) = 2λdτ ,
(b) [S, T ] = 0 and ∇XS = 0 where T = ∇X
(c) dQ = 2Λdτ
If J ◦ T|V = −Λid|V and J ◦ T|H = −Mid|H, Q = g(X,X) then dQ = 2Λdτ
and (a) implies (b). If ψ(Y ) = g(X,Y ) = dcτ then dψ(Y, Z) = 2g(TY, Z). In
particular ∆ψ = 2ρ(X, .) = 2λψ, where ρ is the Ricci tensor. What is more ddcτ =
2ΛωV + 2MωH.
Proof. Note first that
(3.2) Hτ (Y, Z) = g(∇Y∇τ, Z) = −g(J∇Y J∇τ, Z) = −g(JTY, Z)
and functions Λ,M are smooth in U . We have 2Λ + 2(n − 1)M = −∆τ and
Λ = 1
Q
Hτ (X,X) ∈ C∞(U). Hence
dQ(Y ) = g(∇Q, Y ) = −2g(TX, Y ) =
−2g(J∇X∇τ, Y ) = 2Hτ (X, JY ) = 2Λg(X, JY ) =(3.3)
2Λg(J∇τ, JY ) = 2Λdτ(Y ).
Note that JTX = −ΛX which implies J∇Y TX + JT 2Y = −Y ΛX − ΛTY .
Consequently
g(JR(Y,X)X, JY )− g(TY, TY ) = −Y Λg(X, JY )− Λg(TY, JY )
and
R(Y,X,X, Y )− ||TY ||2 = Y ΛY τ + Λg(JTY, Y )
where R(X,Y, Z,W ) = g(R(X,Y )Z,W ) for any X,Y, Z,W ∈ TM . In particular if
Y ∈ H then
(3.4) R(Y,X,X, Y ) =M2||Y ||2 − ΛM ||Y ||2 =M(M − Λ)||Y ||2.
On the other hand 2TX = −∇Q i R(Y,X)Y + T 2Y = − 12∇Y∇Q which implies
R(Y,X,X, Y ) = ||TY ||2 − 1
2
HQ(Y, Y ).
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Hence
R(Y,X,X, Y ′) = g(TY, TY ′)− 1
2
HQ(Y, Y ′).
For Y ∈ H we get 12HQ(Y, Y ) = ΛM ||Y ||2. Hence:
λQ = 2Λ2 + (2n− 2)M2 + 1
2
∆Q,(3.5)
1
2
HQ(X,X) = Λ2||X ||2(3.6)
1
2
HQ(JX, JX) = Λ2||X ||2 −R(JX,X,X, JX),(3.7)
If Y ∈ H then
(3.8)
1
2
HQ(Y, Y ) = ΛM ||Y ||2
and
(3.9) R(Y,X,X, Y ) =M(M − Λ)||Y ||2.
Corollary. − 12∆Q = −(2Λ2+(2n−2)MΛ)+ 1QR(JX,X,X, JX) = λQ− (2Λ2+
(2n−2)M2) and K(X∧JX) = 1
Q2
R(JX,X,X, JX) = λ+ 2(n−1)
Q
M(Λ−M), where
λ = 1
Q
ρ(X,X).
Now we show that the function Λ,M satisfy equations dΛ ∧ dτ = 0 = dM ∧ dτ
if dimM ≥ 6 which is equivalent to the fact that X is an eigenfield of the Ricci
tensor S. Let ω1 = ω
V , ω2 = ω
H, where ω is the Ka¨hler form of (M, g, J). If
η(Y ) = g(X,Y ), η(Y ) = −g(JX, Y ) then ω1 = 1Qη ∧ η. On the other hand
(3.10) dη = 2Λω1 + 2Mω2, dη = 0, dω1 = −dω2,∇ω1 = −∇ω2.
Hence
dω1 = − 1
Q
η ∧ dη = −2 1
Q
(Λη ∧ ω1 +Mη ∧ ω2).
We also have
dΛ ∧ ω1 − 2(Λ−M) 1
Q
(Λη ∧ ω1 +Mη ∧ ω2) + dM ∧ ω2 = 0.
Consequently
dΛ ∧ ω1 + (dM − 2 1
Q
(Λ−M)Mη) ∧ ω2 = 0.
Thus ∇Λ ∈ Γ(V) and this relation remains true also for dimM = 4 and dM =
−2 1
Q
(M − Λ)Mη which means that dM = 2 1
Q
(Λ−M)Mdτ .♦
We have 2Λ+2(n−1)M = −∆τ and consequently 2dΛ+2(n−1)dM = −d∆τ =
−2λdτ , where ∆τ = −trgHτ . Note that TX = ΛJX . Hence div(TX) = tr{Z →
∇Z(TX)} = tr{R(Z,X)X+T 2Z} = g(SX,X)−||T ||2 = λQ−||T ||2. On the other
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hand div(ΛJX) = tr{Z → ZΛJX + ΛJTZ} = dΛ(JX) − Λ(2Λ + 2(n − 1)M).
Consequently we get
λQ − 2Λ2 − 2(n− 1)M2 = dΛ(JX)− 2Λ2 − 2(n− 1)ΛM.
Hence dΛ(JX) = −2(n− 1)M(M − Λ) + λQ which means that λQ = qQ + 2(n−
1)M(M−Λ), where dΛ = −qdτ , and then dΛ(JX) = −dΛ(∇τ) = qQ. Hence qQ =
−2(n− 1)M(M −Λ)+ λQ. Consequently QdΛ = −Qqdτ = (2(n− 1)M(M −Λ)−
λQ)dτ . Since dΛ+(n−1)dM = −λdτ we get (n−1)QdM = (−2(n−1)M(M−Λ)+
λQ−λQ)dτ = −2(n−1)M(M−Λ)dτ . On the other hand q−λ = 2(n−1)
Q
Λ(Λ−M)
and we get q = K(X ∧ JX).
Hence
QdM = 2M(Λ−M)dτ,(3.11)
QdΛ = (2(n− 1)M(M − Λ)− λQ)dτ.(3.12)
There exists a constant c such that Q
M
= 2(τ − c) or M = 0 in U . In fact if
V = {x ∈ U : M(x) 6= 0} 6= ∅ then in V d Q
M
= dQ
M
− Q dM
M2
= 2 Λ
M
dτ + 2(1 −
Λ
M
)dτ = 2dτ which implies d( Q
M
− 2τ) = 0 and consequently V = U . Since the set
M ′ = {x : X(x) 6= 0} is connected we obtain
(3.13)
Q
M
= 2(τ − c).
Hence if α is not identically 0 then
(3.14) α = d ln |τ − c|.
We can assume that c = 0 replacing τ by τ − c. In the case dimM = 4 we have to
assume, that X is an eigenfield of the Ricci tensor S to obtain the above relations.
Let Y ∈ H, then dτ(Y ) = dτ(JY ) = 0. Hence for any Z ∈ X(M) we get
∇Zdτ(Y ) + dτ(∇ZY ) = 0,∇Zdτ(JY ) + dτ(J∇ZY ) = 0
which implies
∇ZY V = − 1
Q
(Hτ (Z, Y )∇τ −Hτ (Z, JY )J∇τ) =
−M 1
Q
(g(Z, Y )∇τ + ω(Z, Y )J∇τ).
If we assume that Z ∈ H then [Z, Y ]V = 2M
Q
ω(Y, Z)J∇τ .
Now it is easy to see just as in [D-M-1] that
(3.15) QR(Y, Z)∇τ = 2(Λ−M)Mω(Y, Z)X,
where we assume that R(u, v)w = ∇u∇vw−∇v∇uw−∇[u,v]w (a different notation
then in [D-M-1]).
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Proposition 3.4. Let X = J(∇τ) be a holomorphic Killing field on a Ka¨hler
manifold (M, g, J). Then in U = {x : Xx 6= 0} the following conditions are equiva-
lent:
(a) X is an eigenfield of Hτ
(b) v = ∇τ is pregeodesic i.e. ∇vv = Λv
(c) The distribution V = span(X, JX) is totally geodesic
(d)The distribution V = span(X, JX) is an eigendistribution of Hτ ,
(e)dQ = 2Λdτ .
Proof. (a) ⇔ (b) X is an eigenfield of Hτ if and only if dQ = 2Λdτ . We have
∇Q = −2∇XX = −2∇vv which means that ∇Q = 2Λ∇τ if and only if ∇vv = Λv.
(b) ⇒ (c) Since ∇XX = ∇vv = Λv then ∇Xv = −J∇XX = −ΛJv and
[X, JX ] = 0, and we are done.
(c) ⇒ (a) Since Xg(X,X) = 0 then g(∇XX,X) = 0 and ∇XX = λJX which
means that ∇vv = −λv.
The equivalence (a)⇔ (d) is obvious.♦
If dQ = 2Λdτ then ∆Q = −2qQ+2Λ∆τ . In fact ∇X∇Q = 2XΛ∇τ +2Λ∇X∇τ
and
HQ(X,Y ) = −2qdτ(X)dτ(Y ) + 2ΛHτ (X,Y ).
In particular Hτ|V =Mg wtw. gdy H
Q
|V = 2MΛg. Note that η = d
cτ and
ddcτ = 2
Λ
Q
dτ ∧ dcτ + 2MωH.
Consequently if we denote θ = s2Qg(X, .) =
s
2Qd
cτ where s ∈ R, then dθ =
s
2|τ−c|ω
H.
4. Local holomorphic Killing vector field on U . Let (M, g, J) be a Ka¨hler
manifold of dimension 2n ≥ 4 admitting a global, complex homothetic foliation F
by curves, which is totally geodesic and holomorphic . We shall show in this section
using the ideas from [J] that for every x ∈ U there exists an open neighborhood
V ⊂ U of x and a function f ∈ C∞(V ) such that XV = fJξ is a Killing vector field
in V , which we shall call a local special Killing vector field (see also [Ch-N]). Let
V be a geodesically convex neighborhood of x in U . Then V is contractible. Note
that the form φ = −p∗η, where p∗ = g(∇JξJξ, ξ) is closed in U , since by (2.7),
dφ = −dp∗ ∧ η = 0. Consequently there exists a function F ∈ C∞(V ) such that
(4.1) dF = φ = −p∗η.
Let f = exp ◦F . From (2.8) it follows that
(4.2) ∇XJη(Y ) = |α|
2
Ωm(X,Y ) + p
∗Jη(X)η(Y ),
Now let ψ = (fJξ)♭ = fJη. We shall show that ∇Xψ(Y ) = −∇Y ψ(X) which
means that the field fJξ is a Killing vector field in V .We get
(4.3) ∇X(fJη)(Y ) = XfJη(Y ) + f |α|
2
Ωm(X,Y ) + fp
∗Jη(X)η(Y ),
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Since Xf = fXF = −fp∗η(X) we obtain
∇X(fJη)(Y ) = f |α|
2
Ωm(X,Y )− fp∗η ∧ Jη(X,Y ) =(4.4)
f
|α|
2
Ωm(X,Y )− fp∗ω(X,Y ),
which proves our claim. Note that if F1 is another solution of (4.1) then F1 = F+D
for a certain constant D ∈ R. It follows that f1 = expF1 = CF , where C = expD.
Consequently X1 = f1Jξ = CfJξ = CX . Recall here the well known general fact,
that if X,Y ∈ iso(M) are Killing vector fields on connected Riemannian manifold
M , X 6= 0 and Y = fX for a certain f ∈ C∞(M) then f is constant.
Let φ = fξ♭. Now it is clear that
(4.5) ∇Xφ(Y ) = ∇X(fη)(Y ) = f |α|
2
m(X,Y )− fp∗h(X,Y )
and ∇X(fη)(Y ) = ∇Y (fη)(X). Consequently d(fη) = 0. It follows that there
exists a function τ ∈ C∞(V ) such that fξ = ∇τ . Consequently XV = fJξ =
J(∇τ), which means that XV is a holomorphic Killing vector field with a Ka¨hler
potential τ .
5. Special Jacobi fields along geodesics in U . Let c : [0, l]→M be a unit
geodesic such that c([0, l)) ⊂ U and c(l) ∈ K = {x ∈ M : κ(x) = 0}. A vector
field C, which is a Jacobi field along c i.e. ∇2c˙C − R(c˙, C)c˙ = 0, will be called a
special Jacobi field if there exists an open, geodesically convex neighborhood V of
c(0) such that C(0) = XV (c(0)),∇c˙C(0) = ∇c˙XV (c(0)). If im c ∩ V = c([0, ǫ))
then it follows that XV (c(t)) = C(t) for all t ∈ [0, ǫ). We have the following lemma:
Lemma 5.1. Let us assume that a vector field C along a geodesic c is a special
Jacobi field along c. Then
lim
t→l
|C(t)| = 0,
and
g(c˙, C) = 0.
Proof. Let us note that g(∇c˙C, c˙) = 0 since this property is valid for Killing
vector fields. It follows that the function g(c˙, C) is constant. Let k ∈ (0, l). Then
c([0, k]) ⊂ U . For every t ∈ [0, k) there exists a geodesically convex open neigh-
borhood Vt of the point c(t) and a special Killing vector field XVt = ftJξ on Vt
defined in Section 4. The field XVt is defined uniquely up to a constant factor.
From the cover {Vt} : t ∈ [0, k] of the compact set c([0, k]) we can choose a finite
subcover {Vt1 , Vt2 , ..., Vtm}. Let ci be the part of geodesic c contained in Vi = Vti ,
i.e. im c ∩ Vi = im ci = c((ti, ti+1)). We define the Killing vector field Xi in every
Vi = Vti by induction in such a way that X1 = XV on V1 ∩ V and Xi = Xi+1 on
Vi ∩ Vi+1. Let Xi = fiJξ. Note that C(t) = Xi ◦ c(t) = fiJξ ◦ c(t) for t ∈ (ti, ti+1).
Consequently, on Vi, |C| = fi. From (2.7) and (4.1) it follows that
d lnκ = d ln fi − κ
n− 1η.
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Hence
(5.1)
d
dt
lnκ ◦ c(t) = d
dt
ln |C(t)| − κ
n− 1η(c˙(t)),
and
(5.2)
d
dt
ln
κ ◦ c(t)
|C(t)| = −
κ
n− 1η(c˙(t)).
Consequently
(5.3) ln
κ ◦ c(k)
|C(k)| − ln
κ ◦ c(0)
|C(0)| = −
1
n− 1
∫ k
0
κη(c˙(t))dt.
Hence
(5.4) ln |C(k)| = lnκ ◦ c(k)− ln κ ◦ c(0)|C(0)| +
1
n− 1
∫ k
0
κη(c˙(t))dt.
Note that
(5.5) |
∫ k
0
κη(c˙(t))dt| ≤
∫ k
0
|κη(c˙(t))|dt ≤
∫ k
0
κ|c˙(t)|dt ≤
∫ k
0
κdt.
Let κ0 = sup{κ(x) : x ∈ c([0, l])}. From (5.4) it follows that
(5.6) ln |C(k)| ≤ lnκ ◦ c(k)− ln κ ◦ c(0)|C(0)| +
1
n− 1κ0l.
Consequently
(5.7) lim sup
k→l−
ln |C(k)| ≤ lim
k→l−
lnκ ◦ c(k)− ln κ ◦ c(0)|C(0)| +
1
n− 1κ0l = −∞.
From (5.7) it is clear that limk→l− |C(k)| = 0. Since |g(c˙(t), C(t)) ≤ |C(t)| and
g(c˙, C) is constant it follows that |g(c˙(t), C(t))| ≤ limt→l |C(t)| = 0 which means
that g(c˙, C) = 0.♦
6. Global holomorphic Killing vector field onM . From now on we assume
that (M, g, J) is a complete Ka¨hler manifold with totally geodesic, holomorphic,
complex homothetic foliation F , dimM ≥ 4 and the set U = {x ∈ M : κ(x) 6= 0}
is non-empty. Let K = {x ∈M : κ(x) = 0}.
Theorem 6.1. The set U is connected and the set K has an empty interior.
Proof. Let U1 be a non-empty component of the set U = M −K. Let x0 ∈ U1
and let us assume the set int K∪(U−U1) is non-empty. Let x1 ∈ int K∪(U−U1).
Then x1 = expx0 lX for a certain unit vector X ∈ Tx0M and l > 0. Let V ⊂ U1 be
a geodesically convex neighborhood of x0 and XV = fV Jξ the local Killing vector
field on V . Let C be the Jacobi vector field along the geodesic c(t) = expx0 tX
satisfying the initial conditions:C(0) = XV (x0),∇c˙C(0) = ∇c˙XV (x0). It follows
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that the field C is a special Jacobi field along c. In particular g(X,XV (x0)) = 0
since the geodesic c meets K. Since the set int K ∪ (U − U1) is open there exists
an open neighborhood W ⊂ int K ∪ (U − U1) of the point x1. The mapping
Tx0M ∋ Y → expx0 lY ∈M is continuous hence there exists an open neighborhood
P ofX in Tx0M such that expx0 lP ⊂ int K∪(U−U1). We can find a vectorX1 ∈ P
such that g(X1, XV (x0)) 6= 0. The field C1 along the geodesic d(t) = expx0 tX1
defined by the initial conditions C1(0) = XV (x0),∇d˙C1(0) = ∇d˙(0)XV is a special
Jacobi field along a geodesic d which meets K. It follows that g(d˙, C1) = 0 along
d. In particular for t = 0 we obtain g(X1, XV (x0)) = 0 which is a contradiction.
Consequently int K ∪ (U − U1) = ∅.♦
Let x0 ∈ U and let V = expx0 W be a geodesically convex open neighborhood of
x0, where W ⊂ Tx0M is a star shaped open neighborhood of 0 ∈ Tx0M . For every
X ∈W let l(X) = sup{t : tX ∈ W}. Hence if the sphere Sǫ = {X ∈ Tx0M : |X | =
ǫ} is contained in W − exp−1x0 (K) then W = {tX : X ∈ Sǫ, t ∈ [0, l(X))}. In an
open neighborhood V ′ ⊂ V −K of x0 there is defined a special Killing vector field
XV ′ = fV ′Jξ. Let Z = XV ′(x0) ∈ Tx0M so that H = {X ∈ Tx0M : gx0(X,Z) = 0}
is a hyperplane in Tx0M . Note that exp
−1
x0
(V ∩K) ⊂ H . Let a function k : Sǫ → R
be defined as follows: k(X) = l(X) if x /∈ H and k(X) = inf{t > 0 : exp(tX) ∈ K}
if X ∈ H . The set W ′ = {tX : X ∈ Sǫ, t ∈ [0, k(X))} is open and star shaped.
Note that V ′′ = expx0 W
′ ⊂ V −K ⊂ U , V ′′ is dense in V , and V ′′ is contractible.
It follows that in V ′′ there is defined a special local Killing vector field XV ′′ . We
can assume that XV ′ = XV ′′ on V
′. Now we can prove:
Lemma 6.2 On every geodesically convex open set V in M can be defined a
holomorphic Killing vector field X such that for every open geodesically convex set
W ⊂ V ∩ U the restriction X|W is a special Killing vector field on W .
Proof. We shall use the notation introduced above. Since V ′′ is contractible
there exists a special Killing vector field XV ′′ defined on V
′′. Let us define a
differentiable field X on V by the formula: X(expx0 u) = Ju(1) where u ∈ W
and Ju is a Jacobi vector field along a geodesic c(t) = expx0(tu) satisfying the
initial conditions:Ju(0) = XV ′′(x0),∇c˙Ju(0) = ∇uXV ′′ . It is clear that X is a
differentiable vector field and that X|V ′′ = XV ′′ . Since the set V
′′ is dense in
V it follows that X is a Killing vector field in V . In fact if we write T = ∇X
then for every Y, Z ∈ X(V ) we have g(TY, Z) = −g(Y, TZ) on V ′′ and both sides
are differentiable functions on V . Thus the relation remains valid on V which
means that X is a Killing vector field on V . Note that X = 0 on V ∩ K. Since
equation (4.5) is valid on the open, dense subset V − K of V it follows that the
form φ = −(JX)♭ satisfies the relation ∇Y φ(Z) = ∇Zφ(Y ) for every Y, Z ∈ X(V ).
Consequently JX = −∇τ for a certain function τ ∈ C∞(V ) and X = J∇τ on V .
Since ∇JY φ(JZ) = ∇Y φ(Z) on V ′′ and hence on V for every Y, Z ∈ X(V ) it is
clear that X is holomorphic. ♦
Let V1, V2 be two open, geodesically convex sets. Then the set V1 ∩ V2 − K is
connected. The proof of this is similar to the proof of Theorem 6.1. Since the
sets V ′′1 ⊂ V1 −K, V ′′2 ⊂ V2 −K are contractible there exist special Killing vector
fields X1 = f1Jξ,X2 = f2Jξ on these sets. These Killing fields can be extended
on V1 −K,V2 −K in such a way that fi = expFi where Fi satisfy equation (4.1).
Consequently d(F1−F2) = 0 on the connected set V1∩V2−K. Hence F1 = F2+D
in V1∩V2−K for a constantD ∈ R. ConsequentlyX1 = C12X2 where C12 = expD.
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The fields X1, X2 can be extended to the Killing fields on V1, V2 respectively such
that Xi|K∩Vi = 0. It is clear that for these extensions which we also denote by
X1, X2 the equation
X1 = C12X2
holds on V1 ∩ V2.
Now we shall prove:
Theorem 6.3. Let (M, g, J) be a complete Ka¨hler manifold of dimension 2n ≥ 4
with totally geodesic, holomorphic complex homothetic foliations by curves. Let
αx0 6= 0 at least at one point x0 ∈ M . If H1(M,R) = 0 then there exists on
M a non-zero holomorphic Killing vector field X = J(∇τ) with a special Ka¨hler
potential τ such that X is an eigenfield of the Ricci tensor of (M, g, J).
Proof. Let {Vi} : i ∈ I be a cover of M by geodesically convex, open sets Vi.
Let Xi be a Killing vector field on Vi constructed in Lemma 6.2. Let Vi ∩ Vj 6= ∅.
Then there exist constants Cij > 0 such that Xi = CijXj on Vi ∩ Vj . These
constants satisfy the co-cycle condition CijCjkCki = 1. Consequently the constants
Dij = lnCij ∈ R satisfy the co-cycle condition Dij +Djk+Dki = 0. It follows that
{Dij} is a co-cycle in the first Cˇech cohomology group H˘1({Vi},R). Since {Vi}
is a good cover of M it follows that H˘1({Vi},R) = H˘1(M,R) = 0. Consequently
there exists a co-chain {Di} ∈ Z0({Vi},R) such that {Dij} = δ({Di}). This means
that Dij = Dj − Di. Let Ci = expDi. Then Cij = CjCi . Let us define the field
X on M by the formula X|Vi = CiXi. Then it is clear that X is a well defined,
global vector field and X ∈ X(M). Since X|Vi is a Killing vector field on every Vi
it follows that X is a Killing vector field. Now let φ = −(JX)♭. Then dφ = 0,
since this equation is satisfied on every Vi. On the other hand the first de Rham
group of M vanishes: H1(M,R) = H˘1(M,R) = 0. Consequently there exists a
function τ ∈ C∞(M), such that φ = dτ . Note also that ∇dφ is Hermitian, which
means that X is holomorphic. Thus X = J(∇τ) is a holomorphic Killing vector
field with a Killing potential τ . Note that in view of (4.5) the special Killing field
constructed by us is a Killing vector field with a special Ka¨hler potential τ , which
is an eigenfield of the Ricci tensor by Prop. 3.1. ♦
Corollary 6.4. Let (M, g, J) be a complete Ka¨hler manifold of dimension 2n ≥
4 with totally geodesic, holomorphic complex homothetic foliations by curves. Let
αx0 6= 0 at least at one point x0 ∈ M and let (M˜, g˜) be the Riemannian universal
covering space of (M, g, J). Then there exists on (M˜, g˜) a non-zero holomorphic
Killing vector field X with a special Ka¨hler potential such that X is an eigenfield
of the Ricci tensor of (M˜, g˜).
Remark. Note that if dimM ≥ 6 then for every special Ka¨hler potential τ the
vector field J(∇τ) is automatically eigenfield of the Ricci tensor S of (M, g) (see
Th.3.3). If dimM = 4 then from Th.6.3 it follows that in our case τ is a special
Ka¨hler-Ricci potential ([D-M-1]).
7. Construction of Ka¨hler manifolds. In our construction we shall follow
Be´rard Bergery (see [Ber], [S]) rather then Derdzin´ski and Maschler, although we
shall use the generalization of classification theorem by Derdzin´ski and Maschler
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([D-M-1]) to classify Ka¨hler manifolds with complex homothetic foliation by curves.
These two approaches are equivalent. Let (N, h, J) be a simply connected Hodge
manifold,i.e. (N, h, J) is a Ka¨hler manifold and the cohomology class { s2πΩN} is
an integral class. We also assume that dimN = 2m > 2. Let s ≥ 0, L > 0, s ∈
Q, L ∈ R and r : [0, L]→ R be a positive, smooth function on [0, L] with r′(t) > 0
for t ∈ (0, L), which is even at 0 and L, i.e. there exists an ǫ > 0 and even, smooth
functions r1, r2 : (−ǫ, ǫ)→ R such that r(t) = r1(t) for t ∈ [0, ǫ) and r(t) = r2(L−t)
for t ∈ (L − ǫ, L]. If s 6= 0 then it is clear that the function f = 2
s
rr′ is positive
on (0, L) and f(0) = f(L) = 0. Let P be a circle bundle over N classified by the
integral cohomology class { s2πΩN} where ΩN is the Ka¨hler form of (N, h, J). On
the bundle p : P → N there exists a connection form θ such that dθ = sp∗ΩN
where p : P → N is the bundle projection. Let us consider the manifold (0, L)× P
with the metric
(7.1) g = dt2 + f(t)2θ2 + r(t)2p∗h,
if s 6= 0. The metric 7.1 is Ka¨hler if and only if f = 2rr′
s
. We shall prove it in
section 9. The proof coincides with the proof in [J]. This time we do not assume
that (N, h, J) is Einstein. It is known that the metric (7.1) extends to a metric on
a sphere bundleM = P ×S1 CP1 if and only if the function r is positive and smooth
on (0, L), even at the points 0, L, the function f is positive, smooth and odd at the
points 0, L and additionally
(7.3) f ′(0) = 1, f ′(L) = −1.
If f = 2rr
′
s
for r as above, then (7.3) means that
(7.4) 2r(0)r′′(0) = s, 2r(L)r′′(L) = −s.
8. Circle bundles. Let (N, h, J) be a Hodge manifold with integral class
{ s2πΩN}, where s ∈ Q and let p : P → N be a circle bundle with a connection form
θ such that dθ = sΩN (see [K]). Let us assume that dimN = 2m = 2(n − 1). Let
us consider a Riemannian metric g on P given by
(8.1) g = a2θ ⊗ θ + b2p∗h
where a, b ∈ R. Let ξ be the fundamental vector field of the action of S1 on P i.e.
θ(ξ) = 1, Lξg = 0. It follows that ξ ∈ iso(P ) and a2θ = g(ξ, .). Consequently
(8.2) a2dθ(X,Y ) = 2g(TX, Y )
for every X,Y ∈ X(P ) where TX = ∇Xξ. Note that g(ξ, ξ) = a2 is constant, hence
Tξ = 0. On the other hand dθ(X,Y ) = sp∗ΩN (X,Y ) = sh(Jp(X), p(Y )). Note
that there exists a tensor field J˜ on P such that J˜ξ = 0 and J˜(X) = (JX∗)
H where
X = XH∗ ∈ TP is the horizontal lift of X∗ ∈ TN (i.e. θ(XH∗ ) = 0) and X∗ = p(X).
Indeed LξT = 0 and Tξ = 0 hence T is the horizontal lift of the tensor T˜ . Now
J˜ = 2b
2
sa2
T˜ . Since Tξ = 0 we get ∇T (X, ξ)+T 2X = 0 and R(X, ξ)ξ = −T 2X . Thus
g(R(X, ξ)ξ,X) = ||TX ||2 and
ρ(ξ, ξ) = ||T ||2 = sa
4
4b4
2m.
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Consequently
(8.3) λ = ρ(
ξ
a
,
ξ
a
) =
1
a2
||T ||2 = s
2a2
2b4
m.
We shall compute the O’Neill tensor A (see [ON]) of the Riemannian submersion
p : (P, g)→ (N, b2h). We have
AEF = V(∇HEHF ) +H(∇HEVF ).
Let us write u = V(∇HEHF ) and v = H(∇HEVF ). The vertical component of
a field E equals θ(E)ξ. If X,Y ∈ H then
(8.4) g(∇XY, 1
a
ξ) =
1
a
(Xg(Y, ξ)− g(Y,∇Xξ)) = −1
a
g(TX, Y ) =
1
a
g(X,TY ).
Hence u = 1
a
g(E − θ(E)ξ, T (F − θ(F )ξ) ξ
a
= 1
a2
g(E, TF )ξ. Note that H(∇Xfξ) =
fH(∇Xξ) = fTX , hence
v = H(∇HEVF ) = θ(F )T (E) = 1
a2
g(ξ, F )TE.
Consequently
(7.5) AEF =
1
a2
(g(E, TF )ξ + g(ξ, F )TE).
If U, V ∈ H then
||AUV ||2 = 1
a2
g(E, TF )2 =
s2a2
4b4
g(E, J˜F )2.
If E is horizontal and F is vertical then
(8.6) AEF =
1
a2
g(ξ, F )TE.
Hence AEξ = TE and ||AEξ||2 = ||TE||2 = s2a44b4 . It follows that
K(PEξ) =
s2a2
4b4
,
where K(PEF ) denotes the sectional curvature of the plane generated by vectors
E,F . If E,F ∈ H then
K(PEF ) = K∗(PE∗F∗)−
3g(E, TF )2
a2||E ∧ F ||2 ,
where E∗ denotes the projection of E on M i.e. E∗ = p(E). Thus
(8.7) K(PEF ) =
1
b2
K0(PE∗F∗)−
3s2a2g(E, J˜F )2
4b4||E ∧ F ||2 ,
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where K0 stands for the sectional curvature of the metric h on N . Applying this
we get for any E ∈ H the formula for the Ricci tensor ρ of (M, g):
(8.8) ρ(E,E) =
1
b2
ρ0(bE∗, bE∗)− s
2a2
2b4
,
where ρ0 is a Ricci tensor of (M,h). Now we shall find a formula for R(X, ξ)Y
where X,Y ∈ H. We have R(X, ξ)Y = ∇T (X,Y ) and
∇T (X,Y ) = ∇X(T (Y ))− T (∇XY ) = ∇∗X∗(T˜ Y ∗) +
1
2
V [X,TY ](8.9)
−(T˜ (∇∗X∗Y∗))∗ =
1
2
V [X,TY ] = −1
2
sp∗ΩN (X,TY )ξ = −s
2a2
4b2
h(X∗, Y∗)ξ
Consequently R(X,Y, Z, ξ) = 0 for X,Y, Z ∈ H,and
(8.10) R(X, ξ, Y, ξ) = −s
2a4
4b2
h(X∗, Y∗).
Hence ρ(ξ,X) = 0 if g(X, ξ) = 0 and ξ is an eigenfield of ρ. Note that the Ricci
tensor ρ has at a point x ∈ P k+1 eigenvalues where k is the number of eigenvalues
of ρ0 at a point p(x).
9. Riemannian submersion p : (0, L)× P → (0, L). In this case the O’Neill
tensor A = 0. We shall compute the O’Neill tensor T (see [ON]). Note that,
since Lξθ = 0, the field ξ is the Killing vector field for ((0, L) × P, g), where g =
dt2 + f(t)2θ2 + r(t)2p∗h. We show that (0, L)× P is a Ka¨hler manifold and ξ is a
Killing vector field with the special Ka¨hler potential r
2
s
. Let us denote by Y ∗ the
horizontal lift of the vector Y ∈ TN with respect to the Riemannian submersion
pN : P → N i.e. pN (Y ∗) = Y, g(Y ∗, ξ) = 0. Let H = ddt be the horizontal vector
field for this submersion and D be the distribution spanned by the vector fields
H, ξ. If U, V ∈ V (here V temporary denotes the vertical distribution of the above
Riemannian submersion) and g(U, V ) = 0 then T (U, V ) = 0. Let U ∈ V , g(U, ξ) = 0
and U = U∗∗ with h(U∗, U∗) = 1, then the following formula holds
(9.1) T (U,U) = −rr′H.
In fact 2g(∇UV,H) = −Hg(U, V ) = −2rr′h(U∗, V∗) if U = V or 0 if g(U, V ) = 0.
We also have
(9.2) T (ξ, ξ) = −ff ′H.
Now we shall prove that the almost complex structure defined by
JH =
1
f
ξ, JX = (J∗X∗)
∗ for X = (X∗)
∗ ∈ E = D⊥
where X∗ ∈ TN , is a Ka¨hler structure with respect to the metric g. The proof is
similar to that in [J] although now we do not assume that (N, h) is Einstein. We
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have for horizontal lifts X,Y ∈ X(P ) ⊂ X((0, L)×P ) of the fields X∗, Y∗ ∈ X(N) (
with respect to the submersion described in the Section 7):
∇J(Y,X) = ∇Y (JX)− J(∇YX) = ∇∗Y∗(J∗(X∗))∗ −
1
2
dθ(Y, JX)ξ
+T (Y, JX)− J(∇∗Y∗(X∗)∗ −
1
2
dθ(Y,X)ξ + T (Y,X)) =
−1
2
sh(JY, JX)fJH − rr′h(Y, JX)H − 1
2
sh(JY,X)fH + h(X,Y )rr′JH = 0
if and only if f = 2rr
′
s
. Note that for X ∈ H = D⊥ we have ∇Xξ = sf
2
2r2 JX . It
follows that D is a totally geodesic foliation. In fact ∇HH = 0, [ξ,H ] = 0 and
g(∇Xξ,H) = g(∇Xξ, ξ) = 0 for X ∈ H. Since the distribution D is totally geodesic
and two-dimensional it is clear that ∇J(X,Y ) = 0 if X,Y ∈ Γ(D). Now we shall
show that
∇J(H,X) = ∇J(X,H) = 0 for X ∈ E .
It is easy to show that ∇XH = ∇HX = r′r X and
∇X(JH) = ∇X( 1
f
ξ) =
1
f
T (X) =
sf
2r2
JX.
On the other hand
∇X(JH) = ∇J(X,H) + J(∇XH) = ∇J(X,H) + r
′
r
J(X).
Thus ∇J(X,H) = 0 if f = 2rr′
s
. Similarly
∇H(JX) = ∇JXH = r
′
r
JX = ∇J(H,X) + J(∇HX) = ∇J(H,X) + r
′
r
JX
and ∇J(H,X) = 0. Note that the Ka¨hler form Ω = fdt ∧ θ + r2p∗ΩN of almost
Hermitian manifold ((0, L)×P, g, J) is closed, which means that the structure J is
almost Ka¨hler. Thus ∇J(JX, Y ) = −J∇J(X,Y ) and consequently ∇ξJ = 0 which
finishes the proof. Let U, V,W ∈ V and g(U, ξ) = g(V, ξ) = g(W, ξ) = 0. Then for
R(X,Y, Z,W ) = g(R(X,Y )Z,W ) we get
R(U, V, ξ,W ) = Rˆ(U, V, ξ,W ) + g(T (U, ξ), T (V,W ))− g(T (V, ξ), T (U,W )) = 0.
On the other hand since D is totally geodesic we obtain
R(H,V, ξ,H) = 0
and consequently ρ(V, ξ) = 0 which means that D is an eigendistribution of the
Ricci tensor ρ of ((0, L)× P, g, J).
From O’Neill formulae it follows also that
R(JH,U, V, JH) = 0
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if g(U, V ) = 0 and
(9.3) R(JH,U, U, JH) =
s2f2
4r4
− f
′r′
fr
,
for a unit vector field U as above. Note also that the distribution D spanned by
the vector fields ξ,H is totally geodesic. Consequently if X,Y, Z ∈ Γ(D) and V is
as above then
(9.4) R(X,Y, Z, V ) = 0.
On the other hand for U, V as above and with g(U, V ) = 0, g(U,U) = g(V, V ) = 1
we get
R(U, V, V, U) = Rˆ(U, V, V, U)− g(T (V, V ), T (U,U)) = Rˆ(U, V, V, U)− (r
′)2
r2
and consequently
ρ(V, V ) = ρˆ(V, V )− (2n− 3)(r
′)2
r2
g(V, V ) + (
s2f2
4r4
− f
′r′
fr
)g(V, V )
for any V ∈ E . It means that at any point the number of eigenvalues of ρ is
k + 1 where k is the number of eigenvalues of the Ricci tensor of (N, h) at the
corresponding point. Hence in general the special Ka¨hler potential is not the special
Ka¨hler-Ricci potential. However the distributions D, E are stil orthogonal with
respect to ρ.
Theorem 9.1. Let F be a holomorphic, complex, homothetic foliation by curves
on a simply connected, compact Ka¨hler manifold (M, g, J). Let us assume that the
form α does not vanish identically on M and the leaves of F are totally geodesic.
Then M = P(L) where p : L → N is a holomorphic line bundle over compact,
simply connected Hodge manifold (N, h), whose curvature equals Ω = sωh, s 6= 0
and with a metric defined on the dense open subset M ′ = (0, L)× P ⊂M
g = dt2 + (
2rr′
s
)2θ2 + r(t)2p∗h,
where r satisfies the boundary condition described in section 7. The leaves of F are
the fibers CP1 of the bundle p : P(L)→ N . If α = 0 then M = CP1×N where N is
simply connected Ka¨hler manifold with the product metric and the leaves of F are
CP
1 × {y0} where y0 ∈ N .
Proof. In view of Th. 6.3 the distribution D associated with the foliation F
coincides in an open, dense subset U of M with D = span{∇τ, J∇τ} where τ is
a special Ka¨hler potential. If dimM = 4 the potential τ is a special Ka¨hler-Ricci
potential. Using the results in section 3 we can apply the methods and proofs
from [D-M-1], [D-M-2]. These proofs are also valid if we assume only that τ is
a special Ka¨hler potential instead a special Ka¨hler-Ricci potential and apply the
results from section 3. Hence we do not assume that (N, h) is an Einstein manifold
if dimM ≥ 6. Note that the function τ has two critical submanifolds N,N∗ of
complex co-dimension 1, since otherwise F defined in M ′ = M − (N ∪N∗) would
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not extend to the foliation on the whole of M . In our case s 6= 0 where the
curvature form of the bundle L is Ω = sωh. Hence s2πωh is an integral form and
(N, h) is a Hodge manifold. In the notation of [D-M-1], [D-M-2] our notation can
be translated as follows. Let us denote u = s2ξ and Q =
s2
4 f
2 = r2(r′)2. We also
have V = D,H = E . Then u is a Killing vector field
u = J(∇r
2
2
)
and τ = r
2
2 , c = 0, a =
s
2 . We have JH =
1
f
ξ and ξ = 1
s
J(∇r2). It is easy
to see that ∇Hξ = f ′JH and if X ∈ V then ∇Xξ = 2sΛJX = f ′JX , where
Λ = s2f
′ is an eigenvalue of Hτ corresponding to the eigendistribution V . We also
have θ = s2Qg(u, ) =
s
2Qd
cτ and M = (r′)2 is the eigenvalue corresponding to the
eigendistribution H. The distance between N and N∗ is
L =
∫ τmax
τmin
dτ√
Q
Note that divEH = 2(n − 1) r′r and divEξ = 0. In particular κ = 2(n − 1) r
′
r
6= 0
on an open and dense subset and |α| = 2 r′
r
, α = 2d ln r. On the other hand
for every Hodge manifold (N, h) we can construct on the manifold P(L) many
Ka¨hler metrics g in such a way that fibers of the bundle p : P(L) → N form a
totally geodesic, holomorphic complex homothetic foliation. If F is a holomorphic,
complex, homothetic foliation by curves on a simply connected, complete Ka¨hler
manifold (M, g, J) with α = 0 then M is a product of Riemannian surface Σ and
a Ka¨hler manifold N . This follows easily from de Rham theorem and the fact that
in this case both distributions D, E are totally geodesic. If M is compact, simply
connected then clearly Σ = CP1. ♦
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